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Theory of EXhaust-Plume/Boundary-Layer Interactions at
Supersonic Speeds

JouN M. KLINEBERG,* TosHI KUBOTA,T AND LESTER LEES}
California Institute of Technology, Pasadena, Calif.

At supersonic speeds, an under-expanded rocket exhaust jet produces a deflection of the external flow and
generates a rise in pressure that communicates upstream through the surface boundary layer. For sufficiently
large pressure ratios, the viscous layer separates some distance forward of the base and may seriously affect vehicle
stability. The present investigation develops an integral method for predicting some of the main features of the near-
field interaction between the exhaust plume and the surface boundary layer. The analysis is not restricted to laminar
flow and extends to turbulent interactions by utilizing a simplified eddy-diffusivity model. The method also applies
to the interaction that occurs in the wake of inclined or asymmetric bodies, and results for the flow over a flat

plate at angle of attack are given.

Nomenclature
a = velocity profile parameter, Eq. (8); also sonic velocity
c =(Wu NT/T,) ,
2 @ oU L
=—— J Pe g < dY, turbulent dissipation integral
Ue 0 Po oY
f = 2+ [+ Dy —DIm /1 +m)p# + Gy — 1)y~ D+
{M2=1/[m(1+m)]} Z
F =#+(1+my)/m,
H =0,/6*
1 Yo U U
A A
J =0*/5*
K = il*/5il*
K, = reciprocal of turbulent Reynolds number; K, = 0.03
m = [(};—1)/2]M2
m = | pudy, boundary-layer mass flow
0
M = Mach number
R 25"*008(]2511/1' dissipation integral
=— . laminar
vzl \ay aminar dissipation integra
Re, =a,M_x/v_, Reynolds number
Re,* =a,M_ 4, */v,. Reynolds number
S = streamwise coordinate
T = static temperature
u,v = physical velocity components
u* = (u/u,), - o> dividing streamline velocity ratio
Uy, =(U/U,)y_, centerline velocity ratio
Xg = location of beginning of interaction
y* = distance from centerline to dividing streamline
Y = transformed normal coordinate
VA ! 6iUdY1‘t't 1
5i* . Ue , veloclity mtegra
o = u,/u,, velocity ratio
ﬁl = al pl/aw poo
B, =Ca;py M ja,p. M,
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8 = viscous-layer thickness
0; = transformed thickness
so  =(Y/6*)o0
* U . .
o* = f (1 ——~> dY, transformed displacement thickness
0 e
€ = turbulent eddy diffusivity, t = pe fu/dy
< pu u
¥} = J‘ i (1 ———) dy, momentum thickness
0 Pele e
U U .
0, = — | 1 —-—)dY, transformed momentum thickness
o U U,
© U UZ .
0F = U 1 U3 dY, transformed mechanical-energy
o Ye e thickness
© = tan~ ' v /u,, local streamline inclination
A = po Vo/P; 4. mass-flow parameter
u viscosity coefficient

I

Prandtl-Meyer angle; also u/p, kinematic viscosity
p = gas density

¢ = zero-shear line inclination
Subscripts
cr = critical point

= local external, inviscid
= transformed, incompressible
= jet, exhaust
= trailing-edge boundary layer
= upper flow
= lower flow
= freestream
0 = dividing streamline
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1. Introduction

HIS investigation treats the strong interaction between an

under-expanded rocket exhaust plume and the boundary
layer along the surface of a vehicle. A schematic representation
of this type of interaction for laminar flow appears in Fig. 1.
Jet expansion at the nozzle exit produces a deflection of the
external flow and generates a rise in pressure partially com-
municated upstream through the viscous layer. For sufficiently
large jet-to-freestream pressure ratios, the boundary layer
separates forward of the base. An extensive region of separated
flow can occur, particularly for laminar boundary layers, and
the stability and control of the vehicle may be seriously
affected (see Ref. 1, for example). In addition to the evident
engineering importance of this problem, it is also an interesting
example of the type of fluid-fluid interaction that occurs in the
wake of inclined or asymmetric bodies.
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Fig. 1 Schematic of laminar plume interaction.

This is a typical strong-interaction problem where the location
of the separation point depends on the initial jet deflection
which in turn depends on the extent of the region of separated
flow. Because of this complexity, the analysis uses an integral or
moment method similar to the approach developed by Lees and
Reeves® to describe the interaction near the vehicle surface.
The viscous layer at the edge of the plume is divided into
two parts and the boundary-layer equations are integrated
across each part and transformed into an equivalent incompres-
sible form. Profile quantities are related to a single parameter
through the use of similarity solutions and the flowfield is
completely described in terms of six quantities. The distribution
of these variables is determined by the solution of a system of
‘nonlinear ordinary differential equations (Sec. II) subject to the
appropriate boundary conditions.

To obtain a complete near-field solution for exhaust-plume/
boundary-layer interactions, the plume must join the separated-
flow region on the body. The necessary joining relations are
given by a geometric matching condition and by the requirement
for continuity of the edge Mach number, the dividing-
streamline velocity ratio, and the boundary-layer mass flow. As
originally shown by Crocco and Lees,® an integral formulation
leads to a subcritical near-wake flow that must pass through a
critical point downstream of the region of reversed flow. The
plume mixing layer, similar to an asymmetric wake, exhibits
this same type of behavior. Initial conditions for any given
problem are therefore uniquely determined by the requirement
for the correct trajectory to pass through the critical point.

In most interactions, the freestream Mach number and the jet
exhaust conditions are specified, requiring an iterative procedure
to obtain the solution. The location of the beginning of the
interaction is chosen upstream of the trailing edge and, for
laminar flow, a departure integral leaving the eigensolution for
undisturbed flow toward separation is obtained (see Ref. 4).
For turbulent flow, the interaction is initiated through a
supercritical-subcritical jump by applying the jump relations
derived in Ref. 5 to the turbulent flat-plate boundary layer.
The turbulent flow is assumed to be wakelike downstream of
the jump, and the surface shear in this region neglected. The
equations are integrated through separation to the trailing edge,
initial conditions for the plume computation are determined,
and the integration is continued in the downstream direction.
The critical point is a saddle-type singularity, making it difficult
to obtain a numerical solution passing continuously from the
subscritical to the supercritical region. As described in Sec. 111,
the easiest procedure is to integrate away from the critical
point to join the upstream branch of the solution.

The results of computations for laminar, transitional and
turbulent exhaust-plume/boundary-layer interactions are pre-
sented. The analysis can be applied to the interaction occurring
in the wake of inclined or asymmetric bodies, and results
for the flow over a flat plate at angle of attack are shown.

II. General Theory for Laminar Flow
A. Plume Mixing Region

In the solution of many problems involving strong viscous-
inviscid interaction, an integral method will simplify the analysis.
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In the present formulation, the flow in the vicinity of the
vehicle is assumed to be adiabatic and locally two-dimensional.
The governing system of equations consists of the conservation
equations for mass and momentum, and the equation for the
rate of change of mechanical energy, obtained by multiplying
the momentum equation by the velocity u. This additional
relation is employed to avoid the use of semiempirical quantities
such as the precise entrainment rates required in the Crocco-
Lees® mixing theory. For nonadiabatic flows, the energy con-
servation equation can also be included in the basic set of
equations.

The viscous layer at the plume boundary is divided into two
regions, as shown in Fig. 2, with the y =0 axis defined as
the locus of the points of zero shear. The boundary-layer
approximations are assumed valid, and the equations are
integrated across each portion of the viscous layer and trans-
formed into an equivalent incompressible form using the
Stewartson® transformation. The resulting system of six first-
order, nonlinear ordinary differential equations can be written
as follows:

Equations for upper flow
F\d6, */dS+35,* dA# [dS+F, 5, * dIn M, /dS+ (B /m A+
(ﬁ1/m1)¢ = (Bl/ml)(al (1)
H déil*/dS+(5i‘*del/dS+(2Jfl + 1)5i1*dln M,/ds -
B1(1_U0,))‘=0 2)
J, déil*/dS+5il* dJ,/ds+3J, 5i1* dinM,/dS—
ﬂl(l—Uolz)/I = ﬂle/Reai* 3)

Equations for lower flow
F, d&il*/d5+5il*d]{’2/ds+f2 o? 5,.1* din M, /dS+
F, 5i1* dIn K/dS (B, o/m, K)A—(B, o?fm, K)d =
—(p,e*/m K)®, (&)
A, déil*/dS-Féil*dWZ/dS+(2%72+ Da? 5i1* dinM,/dS+
H, (5i1*dln K/dS+p,(a/K) (1 — Uoz)i =0 5)
J, déil"‘/dS'~|—5il*sz/dS—i»3J2 o? 9, * dln M, /dS+
J, 5,.1* dIn K/dS+ B, (a/K) (1 — UOZZ)Z =8, och/KzReai*

In these equations, the growth of the viscous layer with respect
to the y = 0 axis is assumed small, and, for example

v,/u; =tan (@, — )= O, — ¢
The viscous and inviscid flows are coupled through the

Prandtl-Meyer relations for ®, and @,, the induced inclinations
of the inviscid streamlines at the edge of the shear layer

O =vM_ )-vM,); O,=0;+v(M,;)—v(M) W
where ©; is the initial angle between the exhaust jet and the
freestream.

The shear stresses are zero along the centerline and at the
two edges, but mass flow from one region to the other is
allowed and A # 0. The requirement for the pressure and total
enthalpy to be constant across the viscous layer is included in
the relation for the Mach number derivative

dinM,/dS = «*dIn M, /dS
where
o = (uyfu,)* = (m,/m,) (1 +my)/(1+m,)
This equation can be integrated to give the requirement
14m, =C,(1+m,)

where C, is evaluated in terms of the given freestream and jet
exhaust conditions, i.e.,

C1 = [(1 +mj)/(1 +mw)](pj/pw)(v—1)/)’
With these expressions, the lower-flow Mach number M ,(S)
and the velocity ratio «(S) are functions only of M,(S), the
Mach number at the outer edge.
The plume mixing layer is divided into two regions because
the vertical velocity is not specified along a known axis and
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Fig.2 Coordinate system for plume mixing layer.

the physical coordinates of the plume boundary must be
obtained as part of the solution. By determining the mass
entrained by each portion of the viscous layer, i.e., using both
continuity equations, the orientation of the mixing region with
respect to the freestream direction can be obtained. The
solution of the differential equations thus gives the distribution
of ¢(S), which is integrated to obtain the x and r coordinates
at any point.

Dividing the plume boundary into two regions requires the
introduction of a second length scale, and there are two thick-
nesses in the problem, 4, *(S) and 3;,%(S), or K(8). It is con-

venient to separate the two flows along the line of zero shear’

rather than at the dividing streamline, and the mass transfer
from one region to the other, A(S), becomes an additional
dependent quality. This formulation, however, allows the rela-
tions among the different functions of the velocity profiles to be
represented by a single profile-shape parameter. The method for
obtaining these relations is described in the following sections.

B. Profile Representation

As previously demonstrated by the present authors and others,
appropriate similarity solutions can be used in an integral
formulation to determine the interdependence of the different
profile quantities. Although no similar solutions exist for a
mixing layer in the presence of a pressure gradient, by con-
sidering the viscous layer at the edge of the plume to be
equivalent to an asymmetric wake, it is possible to use the
family of similar wake-like profiles found by Stewartson’ to
describe the velocity distributions. Using these solutions, the
various profile quantities can be expressed as polynomial
functions of a suitable single-valued profile-shape parameter
a(S), (see Appendix), where:

a8) =[f'M];=0 =(U/U),—, for f(0)£0
and ®)
aS) =[]0 =(U/U )y, for f(0)z0
For use in the integral method, the essential assumption made
is that the interdependence of the different profile quantities
‘can be approximated by the equivalent dependence in similar
flow, with the relation 5# = 5#(a), for example, assumed identical
in the two cases.

C. Differential Equations

In the present formulation, the upper-flow shape parameter
a,(S) is taken as one of the dependent variables to be
determined by the solution of the differential equations, Eqs.
(1-6). The profile parameter for the lower flow a,(S) relates
to a,(S) by the requirement for a continuous velocity distribution
at y =0, the zero-shear line. Thus, for forward [f7(0)> 0]
flow, a,(S) = «(S)a,(S) whereas, for reversed flow, the relation
Uy,lay) = YU, [a,(S)] is inverted to give the parameter a,(S).
All profile quantities appearing in the differential equations are
written in terms of the dependent profile parameter a,(S) and
the velocity ratio «(S), a function of the upper-flow Mach
number M ,(S). To solve the system of equations, however, it is
also necessary to express the derivatives of the profile quantities
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as functions of the derivatives of the dependent variables. For
the upper flow, for example
ax /dS = A da,/dS
where
H o =#"ay) = (dH/da),_,
The lower-flow profile derivatives are expanded in the following
form:
d# ,/dS = A ,,da,jdS+H#, dIn M /dS
where
H o = 0K y[0a; = 0 '(a,)[ U, (@)U, (a,)]
and
H oy = 0K, 0l M = a(T—m /m)/(1+m,)] x
H(a)lU,,(a)/Uy, (a5)]
Identical relations are obtained for the derivative dJ,/dS. For
forward flow, where Uy (a,) = a, and Ug(ay) = a,, Uy /(a) =
Up,(a,) = 1.

A convenient form for numerical integration is obtained by
writing all derivatives in terms of the dependent variables and
reducing the number of simultaneous equations by combining the
two continuity equations. The remaining system of five first-
order differential equations is then inverted to obtain explicit
relations for the four unknown first derivatives and for the
mass-flow parameter A(S) in the form:

(6;,*/M,)dM ,/dS = N,/D; dj, */dS = N,/D;
0, *da,/dS = N,/D; (5, */K)dK/dS = N,/D;

A= N,/D ()]
where D =D[M,,a,K]; N;=N,[M, Re;* a,K A®];, and
AD =06,-0,.

The angle ¢(S) is obtained from the continuity equation by
quadrature:

$=0,—A—(m/B)(f, N, +F N,+# N, (10)
and the auxiliary equations
dx/dS = cos ¢; dr/dS = sin ¢
are integrated to find the x, r coordinates of the plume.

D. Joining Conditions

To obtain a complete near-field solution for exhaust-plume/
boundary-layer interactions, the jet plume must join the
separated-flow region on the body. In the present formulation, the
approximation is made that the boundary-layer interaction up-
stream of the trailing edge is equivalent to the free interaction
that occurs upstream of a compression corner or a forward-
facing step. The analysis for the separating boundary-layer

Me
———————

e
-

Mg Continuous
¥ *
U = Ug
m, = M, {Mass Conservation)
5t y; = §ysec ¢

Fig.3 Trailing-edge joining conditions.
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flow is therefore identical with that described in Ref 4.
Assuming a location for the beginning of the interaction, a

departure integral is obtained leaving the equilibrium solution

for undisturbed flat-plate flow toward separation. Integration of
the equations proceeds smoothly through the separation point to

the specified location of the trailing edge, where initial conditions °

for the plume computation are determined. Because the initial
lower-flow Mach number M, and the angle A® are functions
of M, for given jet exhaust conditions, there are four unknown
initial values: M,, 6, *, a,, and K, and four joining conditions
are necessary to determine them uniquely.

The first three joining conditions {Fig. 3) require continuity
of the edge Mach number M, of the velocity ratio on the
upper-flow dividing streamline u*, and of the boundary-layer
mass flow m which is proportional to M, 8, *Z,. The fourth
joining condition is a geometric constraint: (5, +y,*) cos ¢ = .
In this relation, the dividing streamline for the lower flow is
assumed located at the trailing edge, and the height of the
viscous layer is required to be continuous. The distance y,* is
given by the expression

vo* = (my /B, oL +my)fm, 6,(a,) +H (a,)]KS, *

and the angle ¢ is determined by the continuity equation
Eq. (10). v

For a given jet Mach number and pressure ratio, initial
values for the plume computation are determined by the
trailing-edge boundary layer along the upper surface. The initial
displacement thickness of the exhaust jet, for example, is not
taken into account, although this could be done by modifying the
last joining condition. However, the lower viscous layer is always
much ‘thinner than the separated upper layer, and as an
approximation to the complicated flowfield that exists at the
trailing edge, the effect of the nozzle boundary layer on the
over-all interaction is neglected. The results obtained for a flat
plate at angle of attack, where the boundary layer on the
lower surface is relatively thick, appear to justify this assumption
{Sec. HI. D).

1. Complete Interactions
A. Uniqueness Condition

In the solution of exhaust-plume/boundary-layer interactions,
the numerators N, and the determinant D of the system of
equations Eq. (9) vanish simultaneously at some point. This
location miarks the transition from subcritical to supercritical
flow,>* and for any given problem, initial conditions are
uniquely determined by requiring the correct trajectory to pass
through the critical point. The singularity is a saddle point
for the system of differential equations, making it difficult to
obtain a numerical solution passing ¢ontinuously from the sub-
critical to the supercritical region. By determining the eigenvalues
and eigenvectors associated with the singularity; however, it is
possible to integrate away from the critical point in both up-
stream and downstream directions. In this manner the complete
solution for any interaction can be obtained by matching the
integral curve originating at the critical point to the branch
of the solution representing the flowfield in the vicinity of the
body. This approach is described in the following section.

B. Method of Solution

In most exhaust-plume/boundary-layer interactions, the free-
stream conditions arid the jet Mach number and pressure ratio
are given in advance. The lower-flow Mach number M, and
the angle A® in Eq. (9) are therefore functions of M, only,
and the critical point is defined by two parameters: M, and
K_,, for example. The remaining variables at the singularity are
determined by satisfying the requirement for the numerators
N; and the denominator D to vanish simultaneously.

The complete solution for a specific interaction is obtained by
determining the quantities M, and K, such that at any given
point q, = a,, the values of M|, ;% and K on the trajectory
passing through the critical point coincide with the values
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Fig. 4 Example of method of solution.

obtained by integrating away from the body. In other words,
for the trajectory originating at the singularity, the values of
M,, 6,* and K at the point a,, denoted below by p,,
p,. and p,, respectively, can be regarded as functions of the two
parameters describing the critical point, M, and K. The
values of the same quantities at a, = a,  obtained by integrating
away from the body, denoted by ¢,, ¢, and ¢, can be
regarded as a function of the point x,, the location of the
beginning of the interaction. The solution for a particular
problem is therefore determined by satisfying the following
relations:

p(M, . K)—a,xg) =0; p(M,, K;r)_qz(xo) =0
. P3(My, K)—a5(xp) = 0 ’
This set of equations is solved by iterating for both the
beginning of the interaction and the corresponding critical-point
locdtion. An example of this procedure is shown in Fig. 4, and

a more detailed discussion of the method of solution is given
in Ref. 8.

C. Jet Exhaust Interactions

The results of several computations for laminar exhaust-
plume/boundary-layer interactions are given in Fig. 5, showing
the influence of jet préssure ratio on the plume boundaries
and pressure distributions. The under-expanded jet has an effect .
similar to that of an inclined ramp, although the region of re-
circulating flow downstream of the trailing edge is less extensive

(o}
Lor S Separation
R Rear Stagnation SR [+
C Critical Point . =73
o
. L L L 2 . L L —
o] 1.0 2.0 3.0 4.0 5.0 6.0 70 8.0
Rex x 1075

Fig. 5a  Effect of jet pressure ratio on plume boundaries.
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Fig. 5b  Effect of jet pressure ratio on pressure distributions.

than for an impermeable surface because of the entrainment
action of the lower flow. Raising the exhaust pressure increases
the plume angle and induces a more extensive region of
separated flow, and for the conditions shown, increasing the
jet pressure ratio from 7-42 moves the separation point from
the trailing edge to a location near the leading edge of the
vehicle.

D. Flat Plate at Angle of Attack

The present method can also be applied to the interaction
occurring .in the wake of inclined or asymmetric bodies. In
particular, the theory for exhaust-plume/boundary-layer inter-
actions can be used without essential modification to study the
flow over a flat plate at angle of attack, where the pressure
difference is caused by the compression of the lower flow
through the leading-edge shock wave and by the expansion of
the upper flow. The quantities corresponding to the jet Mach
number and pressure ratio are obtained by calculating the
boundary layer along the lower surface to determine conditions
at the trailing edge. The angle ©; in Eq. (7) is not zero,
because of the displacement effect, and is given by the Prandtl-
Meyer relation: ©; = v(M ) —v(M,), ie,

O, = v(M)—v(M,)
where M, is the inviscid Mach number of the lower flow
downstream of the leading-edge shock wave. The unit Reynolds

numbers for both flows can be determined by assuming a
linear temperature-viscosity law; ie.,

Reinv/Reoo = (Minv/Moo) (pinv/ oo) [(1 + Wlinv)/(1 + moo)]3/2/c
where the subscript inv denotes the inviscid flow downstream

of either the expansion fan or shock wave.
The results of computations for an inclined flat- plate at

Re/in = 150,000
L =3I

S SEPARATION
R REAR STAGNATION
C CRITICAL POINT

o, = R c
— -
M= 6
5e -
oL :
S
L
~ Of -
2 . R c
5 M =4 l
£
=L 15°
T s
or R c
—
Mpz4
10°
I . . . L : 1 L )
[ 1 2 3 4 7 8

5 6
X{IND

Fig. 6a Effect of Mach number and angle of attack onm wake
boundaries.
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Fig. 6b Effect of Mach number and angle of attack onm pressure
distributions.

M_ =40 and M_ = 6.0 are shown in Fig. 6. It is evident
that the length of the separated-flow region is extremely sensitive
to both the freestream Mach number and to the angle of attack.

“The distributions of several additional variables in the wake

region are shown for one of the configurations in Fig. 7. Most
of the effects of angle of attack disappear one plate-length
downstream of the trailing edge: the plume is parallel to the
freestream direction, the edge Mach number is constant, and the
thicknesses of the two flows are equal. The mass transfer A(S)
from one region to the other (not shown) is never large
(<107% and vanishes completely, indicating that the zero-
shear line and the dividing streamline coincide. The centerline
velocity defect decreases slowly, however, and there is an
extensive, constant-pressure relaxation region which persists into
the far wake.

IV. Application to Turbulent Flow

The results obtained for laminar exhaust-plume/boundary-
layer interactions have shown the integral method capable of
predicting the important features of these flowfields. In this -
section, the -extension to turbulent interactions is made by
modifying the method developed for laminar flows. The essential |
aspects of the laminar analysis are retained, and the strong
interaction is described by a system of moment integral equations
appropriate for turbulent flows. A similar type of integral
approach was employed by Alber and Lees® for two-dimensional

4.8 M. =4.0 Re/in = 150,000
a=15° L=3in.
My
a4l
20}

B Rear Stagnation
A Critical Point

-0.2

1 L L I 1

3.0 4.0 5.C 8.0

L] 8.0
X{in.) |

Fig. 7 Wake Mach number, thickness and centerline velocity;1
distributions. ;
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wakes, by Fernandez and Lees'® for flows with large surface
injection, and by Todisco and Reeves'! and Hunter and
Reeves!'? for separating and reattaching boundary layers.

A. Turbulent Separating Flows

As in the case of compressible laminar flows, it is convenient
to remove the explicit Mach-number dependence of the basic
equations of motion by transforming them into an equivalent
incompressible form. Assuming an eddy-viscosity model for the
turbulent shear stress

T = —pu'v' = pedu/dy
the modified Stewartson transformation introduced by Alber? for
wake flows can be used, ie.,

dY ={aja,)p/p,)dy, dX =(aja,)(p,/p,)dx

provided the eddy viscosity transforms in the following manner:
ple = pRZSi

In the present method, the assumption is made that ¢, = K,y u, 6,

and, as suggested by the experiments of Fernandez and

Zukoski,'? the reference density p, is taken to be p,, the edge

density.

Near the separation point and in the region of reversed flow,
the contribution of molecular viscosity to the shear stress is
not important and the friction at the surface can be neglected.
With this approximation, the transformed integral equations for
the separating turbulent boundary-layer flow can be written in
the following form:

Fdd*ldx+o*dAH [dx+f6*dIn M, /dx = (f,/m,)tan ®
(11a)
HAS¥[dx A0 dH fdx + (24 +1)6*dIn M, /dx =0 (11b)
JdoFfdx+0*dJjdx+3J 6 dInM,jdx =B, D  (1ic)
where D is the normalized dissipation integral. Assuming that
the turbulent eddy diffusivity is constant across the layer,
D = K, #R.

In analogy with the procedure used for laminar flows, the
velocity integrals are represented as functions of a single
profile-shape parameter, here taken to be the inverse form factor
A = 0,/6,*. The required relations J = J(#') and Z = Z(#) are
determined from the laminar similarity solutions as # —0
(highly separated flow), and from a power-law velocity profile
of the form U/U,=(Y/5)"™ as # — 1. A smooth curve is
faired between the two limits by employing the analytical and
experimental values compiled by Gran'* in the intermediate
region. To represent the dissipation-function D(#’), the integral

" properties determined by Chapkis!? for constant-pressure turbu-

i lent flows with mass injection are used (see Lees and Chapkis).!®
These solutions are joined smoothly to the reversed-flow values
by utilizing the approximation for D(#’) given above with
K, =003

With the functional relations determined in the manner
described, the turbulent flat-plate boundary layer is supercritical
and does not respond to downstream disturbances. This
property of turbulent flows was established by Crocco,!” who
showed that almost all attached turbulent boundary layers are
supercritical. As a result, a strong interaction is initiated by a
rapid transition from a supercritical to a subcritical state at
some point upstream of the disturbance. In an integral method,
as discussed for highly cooled laminar flows in Ref. 4, this
sudden change in flow quantities can be approximated by a dis-
continuity, allowing jumps in the fluxes of mass, momentum
and mechanical energy.

The required jump relations were derived in Ref. 5 and can
be applied to the turbulent boundary-layer equations without
modification. Some typical jumps from # = 0.7 and # = 0.8
are indicated in Fig. 8. Also shown is the boundary between
subcritical and supercritical flows, the locus of points at which
the determinant of the coefficients in Eq. (11) vanishes. The
profile-shape parameter & is always less than the critical value
downstream of the jump, indicating that the boundary layer is
subcritical in this region. This subcritical flow interacts with the
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Fig. 8 Critical curve and jumps for turbulent flow.

external stream and passes smoothly through separation into the
region of reversed flow.

For a given compressible-flow problem, approximate initial
conditions immediately upstream of the jump can be obtained
from a correlation of flat-plate data or from a transformation
theory. In the present investigation, the local friction coefficient
C, is transformed into an equivalent incompressible value C by
means of the direct transformation suggested by Coles.'® The
initial profile-shape parameter # is then determined as a function
of C ; by using the experimental results compiled for low-speed
equilibrium turbulent boundary layers. Applying the jump rela-
tions to this flat-plate flow, conditions downstream of the jump
are determined and the differential equations [Eq. (11)] inte-
grated through the separation point. The correct jump location
for a particular configuration is determined by the requirement
for the boundary layer to return to a supercritical state at
some point downstream of the reversed-flow region.

B. Turbulent Exhaust-Plume Interactions

In the analysis of turbulent plumes, the eddy viscosity is
assumed constant across each portion of the mixing layer:

g =Kyu,0;; 0Zy=<9,
= Kyu,0,;, —56,<y=0
Although the viscosity is discontinuous at y = 0, the shear stress
itself remains continuous and vanishes, by definition, along the
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Fig.9a Effect of jet pressure ratio for laminar flow.
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Fig. 9b Effect of jet pressure ratio for turbulent flow.

centerline. Following the approach used by Alber and Lees for
turbulent wakes, the profile quantities in this region are obtained
from the family of similar solutions described in Sec. II. B. The
system of equations used for the mixing region at the edge of a
laminar plume [Egs. (1-6)], is therefore applied to turbulent
flow by replacing the dissipation functions on the right sides of
Egs. (3) and (6) by B, K,»#, R, and B (m,o*/m, K)K,# , R,,
respectively, with K, = 0.03.

Complete solutions for turbulent interactions are obtained by a
method similar to the one used for laminar flows. The required
procedure is to determine the correct jump location for the up-
stream branch of the solution such that this integral curve can
be continued smoothly through the critical point. The analysis of
the singularity is less complicated than for laminar flow because
Re, * does not appear explicitly in the differential equations, and
the critical point is defined by a single parameter.

The results of several computations for exhaust-plume/
boundary-layer interactions in laminar and turbulent flows are
given in Fig. 9. A “transitional” solution, where a laminar
boundary layer joins a turbulent plume, is also shown. From a
comparison of these figures, it is evident that the overall inter-
action depends strongly on the nature of the flow, and, in
particular, that the jet pressure ratio required to induce
boundary-layer separation increases rapidly as the flow changes
from a laminar to a fully-turbulent state.

V. Appendix: Curve-Fits of the Profile Quantities

A. Reversed Flow Region

# =0.24710—-043642a—0.04773a%—0.19654a> 4+ 0.41918a*

J =037368—0.59326a—0.00220a> + 0.27426a> — 0.394214*

Z =1.03285—1.35026a+0.05127a* +0.849144° — 1.898474*

R = 1.25775+2.02922a+3.88529a —9.20873a> + 16.343664*

U, = —0.50982a+0.118554> as03
=0.05862—0.92170a + 0.840074> 03=<a

5,,, = 1.65927a"/* +0.16080a — 1.265884> a=s01
= 0.24115+ 3.04525a— 5.377084a> + 4.0604943 01=Za

H, = —0.00214a— 0.02542a% —0.64701a% + 0.84918a*
where

a=[f'm];ee 0=La=046
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Fig. 9c Effect of jet pressure ratio for transitional flow.

To evaluate the velocity integral Z, the edge of the viscous
layer #, was selected at the point where f”(7,) = 0.99. Although
the Chapman'® solution corresponds to a = 0.587, the centerline
velocity ratio U, begins to increase beyond a = 0.46, and,
because U, is necessary to relate the upper and lower flows
in the present method, this value represents the limiting
reversed-flow profile.

B. Forward Flow Region
§ =2.35860—5.27389a+6.73235a% — 6.129454 + 2.341964*
H = 0.58530+0.59289a —2.143904> + 1.482594° — 0.523134*

J =0.88674+0.67519a—1.66397a*+0.289254a% — 0.19051a*
Z =2.43208+0.98139a—0.919054% 4 1.017894a> — 0.520204*
R =0.53431-0.58670a—0.62596a% +0.897924> —0.221794*
where -
a=[f],-o=Uy 0=a=zl
Because the velocity-defect integral

5= J (1=f")dy

0

vanishes as @ — 1, it was more convenient to curve-fit the similar
profile functions before normalization. The required quantities
are given by the relations: # = #/0, J = J/o, Z = Z/o, R = Ro.
And, for example
dlda = (5 d# [da—H d5/da)/5?

For the integral Z in this region, the edge of the viscous
layer was chosen at the point where the velocity defect has
decreased to 19, of its centerline value, ie, [1—f'(n,)] =

0.01[1—£"(0)].

C. Joining Region

At the joining point, it is necessary to determine the dividing-
streamline velocity ratio for the separated boundary layer at the
trailing edge. The required curve-fit was obtained from the family
of similar boundary-layer solutions
g, * = 0.05496a,+0.29702a,% + 11.19943a,* — 21.66525a,* +

10.06854a,°

where a, is the boundary-layer profile shape parameter (see
Ref. 4).
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D. Turbulent Flow
J = 0.04326 + 1.328665# — 0.84434#°2 4-4.52910#°2 —

397206#%  # <06
= 4 )3~ H) 0.6 <
Z = 0.26382+ 1.58825# + 11.59151#2 — 26.01280°3 +
2721594 # <07
= 2 /(1 — ) 07 <H#

D = 0.11921# —0.508585#% + 0.78287#°° — 0.41607.4*

The assumptions required to obtain these profile relations are
discussed in Sec. IV. A.
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